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Abstract
Yoshiara [Embeddings of ﬂag-transitive classical locally polar geometries of rank 3, Geom. Dedicata 43 (1992) 121–165] and
Bardoe [On the universal embedding of the near-hexagon for U4(3), Geom. Dedicata 56 (1995) 7–17] showed that the embedding
rank of the U4(3) near hexagon E3 is equal to 21. The precise value of the generating rank of E3 has been unknown, see Cooperstein
[On the generation of some embeddable GF(2)-geometries, J. Algebraic Combin. 13 (2001) 15–28]. In this note, we determine this
generating rank. We give a short proof for the fact that the generating rank and the embedding rank of E3 are equal to 21.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Let = (P, L, I) be a partial linear space, i.e. a rank 2 geometry with point-set P, line-set L and incidence relation
I ⊆ P × L for which every line is incident with at least two points and every two distinct points are incident with at
most 1 line. A subspace of  is a set of points which contains all the points of a line as soon as it contains at least
two points of it. If X is a nonempty set of points, then 〈X〉 denotes the smallest subspace of  containing the set X.
The minimal number gr() := min{|X| : X ⊆ P and 〈X〉 = P } of points which are necessary to generate the whole
point-set P is called the generating rank of .
A full embedding e of  in a projective space  is an injective mapping e from P to the point-set of  satisfying: (i)
〈e(P )〉 = ; (ii) e(L) := {e(x)|x ∈ L} is a line of  for every line L of . The maximal dimension of a vector space
V for which  has a full embedding in PG(V ) is called the embedding rank of  and is denoted by er(). Certainly,
er() is only deﬁned when  admits a full embedding, in which case it holds that er()gr().
Two embeddings e1 :  → 1 and e2 :  → 2 are called isomorphic (e1e2) if there exists an isomorphism
f : 1 → 2 such that e2 = f ◦ e1. If e :  →  is a full embedding of  and if U is a subspace of  satisfying (C1)
e(p) /∈U for every point p of ; (C2) 〈U, e(p1)〉 = 〈U, e(p2)〉 for any two distinct points p1 and p2 of , then there
exists a full embedding e/U of  in the quotient space /U mapping each point p of  to 〈U, e(p)〉. If e1 :  → 1
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and e2 :  → 2 are two embeddings, then we say that e1e2 if there exists a subspace U in 1 satisfying (C1), (C2)
and e1/Ue2. If e :  →  is a full embedding of , then by Ronan [17], there exists a unique (up to isomorphism)
full embedding e˜ :  → ˜ satisfying (i) e˜e; (ii) if e′e for some embedding e′ of , then e˜e′.We say that e˜
is universal relative to e. If e˜e for some full embedding e of , then we say that e is relatively universal. A full
embedding e of  is called absolutely universal if it is universal relative to any full embedding of  deﬁned over the
same division ring as e. Kasikova and Shult [13] gave sufﬁcient conditions for an embeddable geometry to have an
absolutely universal embedding.
The problem of determining generating sets of small size for a given geometry  is very important for embedding
problems. Suppose X is a ﬁnite generating set of a geometry  such that there exists a full embedding e of  into
a projective space PG(V ) with dim(V ) = |X|. Then since |X| = dim(V )er()gr() |X|, we necessarily have
er() = gr() = |X|. It follows that e is a relatively universal embedding. If moreover the conditions of Kasikova and
Shult are satisﬁed, then we can conclude that e is absolutely universal. This is precisely the way in which the absolutely
universal embeddings of almost all ﬁnite thick dual polar spaces were determined, see e.g. Theorems 2.5, 5.1(2) and
5.4(2) of Cooperstein and Shult [8], whose proofs rely on results of Cooperstein [5,6], Cooperstein and Shult [8] and
Kasikova and Shult [13].
By Ronan [17], every fully embeddable geometry  = (P, L, I) with three points per line admits the absolutely
universal embedding which is obtained in the following way. Let V be a vector space over the ﬁeld F2 with a basis
whose vectors are indexed by the elements of P, e.g. B = {vp |p ∈ P }. Let W denote the subspace of V generated by
all vectors vp1 + vp2 + vp3 where {p1, p2, p3} is a line of . Then the map p ∈ P 
→ {vp + W,W } deﬁnes a full
embedding of  into the projective space PG(V/W) which is the absolutely universal embedding of .
Following Cooperstein [7], we call a geometry with three points per line an F2-geometry. For many examples of
embeddable F2-geometries, the embedding rank equals the generating rank, see Cooperstein [7, p. 27]. An example
given by Heiss [10] shows that this is not always the case.Also for quite some examples of embeddable F2-geometries,
the embedding ranks are known while the generating ranks are still open, see Cooperstein [7]. This is for instance the
case for the dual polar spaces DW(2n− 1, 2), n6, the dual polar spaces DH(2n− 1, 4), n4, and also for a certain
near hexagon whose automorphism group is U4(3). Following De Bruyn [9], we will denote this near hexagon by E3.
Yoshiara [21, p. 154] and Bardoe [2] showed that the embedding rank of E3 is equal to 21, but they did not determine
the generating rank of this near hexagon. Bardoe [2] used a lower bound for the universal embedding dimension of E3
(which can be obtained from a simple eigenvalue argument due to Brouwer, see Section 3) to determine the precise
value of this dimension without making use of modular representation theory (as in [21]). The reasoning which we will
give in this note combined with the knowledge of this lower bound allows us to determine both the generating and the
embedding rank of E3:
Main Result. The generating rank and the embedding rank of E3 are equal to 21.
We will give a proof of the main result in Section 3. The proof relies on the geometric structure of the near hexagon
E3 which we will discuss in the following section.
2. Description and properties of E3
A partial linear space = (P, L, I) is called a near polygon [9,20] if for every line L and every point x, there exists
a unique point on L nearest to x. Here, distances are measured in the point graph of . If d is the diameter of the point
graph, then the near polygon is called a near 2d-gon.A near 0-gon is a point, a near 2-gon is a line and a near quadrangle
is a generalized quadrangle. We refer to Payne and Thas [16] for the elementary notions on generalized quadrangles
which we will use in the sequel. A near polygon is called dense if every line is incident with at least three points and if
every two points at distance 2 have at least two common neighbours. If  is a dense near 2d-gon, then by Theorem 4
of Brouwer and Wilbrink [4], any two points x and y of  at distance  ∈ {0, . . . , d} from each other are contained in
a unique convex sub-2-gon. Convex subquadrangles of dense near polygons are also called quads. For every point x
of a dense near polygon, a linear spaceLx can be deﬁned which is called the local space at x. The points and lines of
Lx are the lines and quads, respectively, through x (natural incidence).
In this paper, we will determine the generating and embedding rank of a certain dense near hexagon which has U4(3)
as a group of automorphisms and which occurs as a hyperplane of the dual polar space DH(5, 4). A description of
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this near hexagon can be found in Aschbacher [1, p. 31], Brouwer et al. [3, p. 356], Brouwer and Wilbrink [4, p. 174],
Kantor [12, p. 240], Pasini and Shpectorov [15, p. 279], and Ronan and Smith [18, p.285]. We will take the description
of [3,4].
Consider in PG(6, 3) a nonsingular quadric Q(6, 3) and a nontangent hyperplane  intersecting Q(6, 3) in a non-
singular elliptic quadric of . There is a polarity associated with Q(6, 3) and we call two points orthogonal when one
of them is contained in the polar hyperplane of the other. Let N denote the set of all 126 points in  for which the polar
hyperplane intersects Q(6, 3) in a nonsingular elliptic quadric. Let E3 be the following incidence structure:
• the points of E3 are the unordered 6-tuples of mutually orthogonal points of N;
• the lines of E3 are the unordered pairs of mutually orthogonal points of N;
• incidence is reverse containment.
The incidence structure E3 is a dense near hexagon which satisﬁes the following properties, see De Bruyn
[9, Section 6.7]:
(i) Every line is incident with precisely three points and every point is incident with precisely 15 lines.
(ii) Every quad is isomorphic to either W(2) or Q(5, 2). For a description of these two types of quads, we refer to [3,
Section 6].
(iii) All local spaces are isomorphic to W(2), the linear space derived from W(2) by adding its ovoids as extra lines.
(iv) If Q is a Q(5, 2)-quad, then every point x of E3 not contained in Q is collinear with a unique point Q(x) of Q.
(v) If Q1 and Q2 are quads of E3 such that Q1Q(5, 2), then either Q1 = Q2, Q1 ∩ Q2 = ∅ or Q1 ∩ Q2 is a line
(cf. [9, Theorem 1.7]).
(vi) For every Q(5, 2)-quad Q of E3, the so-called reﬂection RQ about Q can be deﬁned which is an automorphism
of E3 (cf. [9, Theorem 1.11]). If x ∈ Q, then we deﬁneRQ(x) := x. If x /∈Q, thenRQ(x) is the unique point of
the line xQ(x) different from x and Q(x).
(vii) If Q1 and Q2 are two Q(5, 2)-quads which intersect in a line, then the reﬂection about Q1 maps Q2 to itself.
We will freely make use of these properties in Section 3 where we will prove the main result.
3. Proof of the main result
Let Q1 and Q2 be two disjoint Q(5, 2)-quads of E3 and let Q3 denote the reﬂection of Q2 about Q1. Let V denote
the set of all Q(5, 2)-quads which intersect all three quads Q1, Q2 and Q3 (necessarily in lines). Put
H := Q1 ∪ Q2 ∪ Q3 ∪
⎛
⎝⋃
Q∈V
Q
⎞
⎠ ,
and let W := {Q ∩ Q1|Q ∈ V }. Notice that every Q ∈ V meets Q1, Q2 and Q3 in three lines that are part of a
(3 × 3)-grid.
Lemma 1. Every point of Q1 is contained in two lines of W. As a consequence, |W | = 18.
Proof. Let x denote an arbitrary point of Q1 and let L denote the unique line through x meeting Q2 (and hence also
Q3). Since the local space at x is isomorphic to W(2), there are two Q(5, 2)-quads through L and these Q(5, 2)-quads
are all the elements of V through x. This proves the ﬁrst claim. It follows that the number of elements of W is equal to
|Q1| · 2/3 = 18. 
Lemma 2. Let L1, L2 and L3 be three mutually disjoint lines of Q1 contained in a (3 × 3)-grid. If L1, L2 ∈ W , then
also L3 ∈ W .
Proof. Let Ri , i ∈ {1, 2}, denote the unique quad of V through Li and let R3 denote the reﬂection of R2 about R1.
Then R3 ∈ V (by property (vii)) and L3 ⊆ R3, proving that L3 ∈ W . 
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Deﬁnition. If L1 and L2 are two disjoint lines of a generalized quadrangle, then {L1, L2}⊥ denotes the set of lines
meeting L1 and L2 and {L1, L2}⊥⊥ denotes the set of lines meeting each line of {L1, L2}⊥.
Lemma 3. Suppose {G1,G2,G3} is a partition of the generalized quadrangle Q(5, 2) in three (3 × 3)-grids and
that L1, L2, . . . , L9 are mutually disjoint lines of Q(5, 2) such that: (i) L1, L2, L3 ⊆ G1; (ii) L4, L5, L6 ⊆ G2; (iii)
L7, L8, L9 ⊆ G3; (iv) {Li, Li′ }⊥⊥ ⊆ {L1, L2, . . . , L9} for any two distinct i, i′ ∈ {1, . . . , 9}. Let M denote a line of
G1 different from L1, L2 and L3. SupposeL is a set of lines of Q(5, 2) satisfying (1) L1, L2, . . . , L9,M ∈ L and
(2) if K and K ′ are two disjoint lines ofL, then {K,K ′}⊥⊥ ⊆ L. Then each of the 18 lines which are contained in
one of the grids G1,G2,G3 belongs toL.
Proof. Put {M,L4}⊥⊥={M,L4, L′7}, {M,L5}⊥⊥={M,L5, L′8} and {M,L6}⊥⊥={M,L6, L′9}. ThenL′7, L′8, L′9 ∈L
and L′7 = L′8 = L′9 = L′7. Obviously, L′7 has no point in common with G1 and G2 and hence is contained in G3. If
L′7 = Li for a certain i ∈ {7, 8, 9}, then M ∈ {L4, L′7}⊥⊥ = {L4, Li}⊥⊥ ⊂ {L1, L2, . . . , L9}, a contradiction. Hence,
L′7 /∈ {L7, L8, L9}. Similarly, L′8 /∈ {L7, L8, L9} and L′9 /∈ {L7, L8, L9}.It follows that L7, L8, L9, L′7, L′8, L′9 are the
six lines of G3. So, every line of G3 belongs toL. In a similar way, one shows that every line of G2 belongs toL.
Repeating the above argument once more (with L′7 instead of M), one also ﬁnds that every line of G1 belongs toL.
This proves the lemma. 
Lemma 4. There exist three mutually disjoint grids G∗1,G∗2,G∗3 of Q1 such that W consists of the 18 lines which are
contained in one of these grids.
Proof. Let L1 be an arbitrary line of W, let L2 be an arbitrary line of W disjoint from L1 and let L3 be the unique line
of {L1, L2}⊥⊥ different from L1 and L2. Then L3 ∈ W by Lemma 2. By Lemma 1, there are most 12 lines ofW which
meet L1 ∪L2 ∪L3. Hence, there exists a line L4 ∈ W disjoint from L1, L2 and L3. In the dual generalized quadrangle
QD1H(3, 4) of Q1, the lines L1, L2, L3 and L4 are points which are contained in a unique classical ovoid O of QD1
(i.e. an ovoid corresponding with a unital H(2, 4) on H(3, 4)). Let S be the spread of Q1 corresponding to O. The
spread S is a normal spread which means that for all K,L ∈ S with K = L, {K,L}⊥⊥ ⊆ S. The linear space AS
deﬁned on the set S by the spans{K,L}⊥⊥ is isomorphic to the afﬁne plane AG(2, 3) of order 3. By Lemma 2 and the
fact that L1, L2, L3, L4 ∈ W , it readily follows that S ⊆ W . Since |S| = 9 and |W | = 18, there exists a line M ∈ W\S.
Without loss of generality, we may suppose that M meets L1, L2 and L3. We denote by {L4, L5, L6} and {L7, L8, L9}
the two lines ofAS parallel and disjoint with {L1, L2, L3}. For every i ∈ {1, 2, 3}, the lines L3i−2, L3i−1 and L3i are
contained in a grid G∗i of Q1. By Lemmas 2 and 3 and the fact that L1, . . . , L9,M ∈ W , each of the 18 lines which
are contained in one of the grids G∗1,G∗2,G∗3 belongs to W. This proves the lemma. 
Lemma 5. H is a hyperplane of E3.
Proof. Let x1 and x2 be two distinct collinear points of H and let x3 be the third point of the line x1x2. If there
exists a quad of {Q1,Q2,Q3} ∪ V containing the line x1x2, then obviously x3 ∈ H . Suppose there is no quad in
{Q1,Q2,Q3} ∪V containing x1x2. Let R1 and R2 be two quads of {Q1,Q2,Q3} ∪V such that x1 ∈ R1 and x2 ∈ R2.
Since x1x2R1 and x1x2R2, R1 and R2 are disjoint. (If not, then there exists a geodesic between a point u ∈ R1 ∩R2
and the point x1 ∈ R1 which contains the point x2 = R2(x1) /∈R1, a contradiction.) Also x3 is contained in a quad of
{Q1,Q2,Q3} ∪ V , namely the reﬂection of R2 about R1(recall property (vii)). This proves that H is a subspace.
Now, let x be an arbitrary point of E3 not contained in H. Suppose L is a line through x having a (unique) point x′ in
common with H. If x′ is contained in two distinct quads of {Q1,Q2,Q3} ∪ V , then x′ ∈ Q1 ∪Q2 ∪Q3. By (iv) and a
counting argument:
• there are precisely three lines L through x such that L meets precisely three quads of {Q1,Q2,Q3} ∪ V , namely the
lines xQ1(x), xQ2(x) and xQ3(x);
• there are precisely (|V ∪ {Q1,Q2,Q3}| − 3 · 3) = 12 lines L through x such that L meets precisely one quad of
{Q1,Q2,Q3} ∪ V .
Hence, each of the 15 lines through x meets H, proving that H is a hyperplane of E3. 
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Remark. The generalized quadrangle Q(5, 2) can be generated by six points. If a1, a2, a3, a4 are points of Q(5, 2)
such that a1 ∼ a2 ∼ a3 ∼ a4 ∼ a1 /∼ a3, then {a1, a2, a3, a4} generates a (3 × 3)-subgrid G of Q(5, 2). If
a5 /∈G, then {a1, a2, a3, a4, a5} generates a subquadrangle Q′W(2) of Q(5, 2). Finally, if we take a6 /∈Q′, then
{a1, a2, a3, a4, a5, a6} generates Q(5, 2).
Lemma 6.
(i) H can be generated by 20 points.
(ii) E3 can be generated by 21 points.
Proof. Let R1, R2, R3 and R4 denote four quads of V such that L1 := R1 ∩ Q1, L2 := R2 ∩ Q1 and L3 := R3 ∩ Q1
are contained in a 3 × 3-subgrid and L4 := R4 ∩ Q1 is disjoint from L1, L2 and L3. Then L1, L2, L3 and L4 are
contained in a unique normal spread T ∗ of Q1 and the linear spaceAT ∗ induced on the set T ∗ by the spans {L,L′}⊥⊥
is isomorphic to AG(2, 3). So, the subspace of AT ∗ generated by the points L1, L2, L4 coincides with the whole
point-set ofAT ∗ . Let S denote a quad of V such that Q1 ∩ S /∈ T ∗. Recall that if S1 and S2 are two disjoint quads of V,
then by property (vii) the reﬂection of S2 about S1 also belongs to V. By the above discussion and Lemma 3, it now
follows that H = 〈Q1,Q2, R1, R2, R4, S〉E3 .Now, Qi , i ∈ {1, 2}, can be generated by a set Xi of six points. The set
X1 ∪ X2 generates Q1 ∪ Q2 ∪ Q3. For every i ∈ {1, 2, 4}, Ri ∩ (Q1 ∪ Q2 ∪ Q3) is a (3 × 3)-subgrid. Hence, there
exist two points xi and yi in Ri such that Ri ⊆ 〈Q1 ∪ Q2 ∪ Q3 ∪ {xi, yi}〉E3 . Similarly, there exist two points x˜ and y˜
in S such that S ⊆ 〈Q1 ∪ Q2 ∪ Q3 ∪ {˜x, y˜}〉E3 . Obviously, X1 ∪ X2 ∪ {x1, x2, x4, x˜, y1, y2, y4, y˜} is a generating set
of H = 〈Q1,Q2, R1, R2, R4, S〉E3 .This proves (i).
By Lemma 5, H is a hyperplane of E3. So, by Lemma 6.1 of Shult [19], H is also a maximal subspace of E3. This
implies that E3 is generated by every set X1 ∪ X2 ∪ {x1, x2, x4, x˜, y1, y2, y4, y˜, u} where u is an arbitrary point of E3
not contained in H. This proves (ii). 
We can now prove the main result. We will need some information on the embedding rank of the dual polar space
DH(5, 4). Li [14] proved that the vector dimension of the absolutely universal embedding of the dual polar space
DH(2n − 1, 4), n2, is equal to (4n + 2)/3, i.e. er(DH(2n − 1, 4)) = (4n + 2)/3. In the reasoning which follows it
sufﬁces to use the inequality er(DH(2n − 1, 4))(4n + 2)/3 which follows from a simple eigenvalue argument due
to Brouwer (see [11]).
By Pasini and Shpectorov [15], see also De Bruyn [9, Section 6.7], the near hexagon E3 can be embedded as a
hyperplane in the dual polar space DH(5, 4). So, E3 is a maximal subspace of DH(5, 4) (recall [19, Lemma 6.1])
and every embedding of DH(5, 4) induces an embedding of E3 in a projective space whose dimension is at most 1
less than the dimension of the projective space in which DH(5, 4) is embedded. It follows that 21er(DH(5, 4)) −
1er(E3)gr(E3)21. Hence, er(E3) = gr(E3) = 21.
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